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GENERALIZED ABSOLUTE CESARO SUMMABILITY FACTORS

(COMMUNICATED BY HAJRUDIN FEJZIC)

HUSEYIN BOR

ABSTRACT. In this paper, we generalize a known result dealing with an ap-
plication of almost increasing sequences by using a quasi-f-power increasing
sequence. Some new results are obtained.

1. INTRODUCTION

A positive sequence (by,) is said to be an almost increasing sequence if there
exists a positive increasing sequence (¢, ) and two positive constants M and N such
that Me, < b, < Ne¢, (see [1]). A positive sequence X = (X,,) is said to be a
quasi-f-power increasing sequence if there exists a constant K = K (X, f) > 1 such
that Kf, X, > fimXm for all n > m > 1, where f = {f.(7,n)} = {n"(logn)”,
v 2>0,0<n< 1}(see [11]). If we take y=0, then we get a quasi-n-power increasing
sequence. Every almost increasing sequence is a quasi-n-power increasing for any
nonnegative 7, but the converse is not true (see [10]). For any sequence (\,) we
write that A\, = A, — An41. The sequence (\,,) is said to be of bounded variation,
denoted by (A\,) € BV, if Y 07 | |AN,| < oc. Let > a, be a given infinite series.
We denote by t&# the nth Cesaro mean of order («,3), with a + 8 > —1, of the
sequence (nay,), that is (see [6])

P = Aal% zn:Angfuav, (1.1)
no =1
where
ASTE — O(notP), AP =1, and A°TP =0 for n > 0. (1.2)
Let (02-%) be a sequence defined by
o, — _
9;‘;”6 - { maxllt:<n‘ ‘71?3’5 , 0 ga i’ f,;> 1—,1. (1.3)
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The series ) a, is said to be summable | C, o, 8;0 |, k > 1 and 6 > 0, if (see [3])

oo
S ot F< oo, (1.4)

n=1

If we take 6 = 0, then | C, o, 8; 9 |,, summability reduces to | C, a, 8 |, summability
('see [7]). Also, if we take 3 = 0 and 0 = 0, then | C, a, 3;§ |,, summability reduces
to | C,« |, summability (see [8]). Furthermore, if we take 5 = 0, then we get
| C, ;0 |, summability (see [9]).

2. KNOWN RESULT

The following theorem is known dealing with | C, «, 8;¢ |, summability factors
of infinite series.
Theorem A ([3]). Let (62%) be a sequence defined as in (1.3). Let (X,) be an
almost increasing sequence. Suppose also that there exist sequences (o) and (\,)
such that

| AN, [S o (2.1)
on—=0 as n— o0 (2.2)
> | Aoy | X, < o0 (2.3)

n=1
| An | X =0(1) as n— oo. (2.4)

If the condition
Z =LAk = O(X,,) as m — oo (2.5)
n=1

satisfies, then the series )" anA, is summable | C, o, 5;0 [, 0 < o < 1, > —1,
k>1,6>0,and (¢ + 5 —0) > 0.

3. MAIN RESULT

The aim of this paper is to generalize Theorem A by using a quasi-f-power
increasing sequence instead of an almost increasing sequence. Now we shall prove
the following main theorem.

Theorem. Let (627) be a sequence defined as in (1.3). Let (\,) € BV and
let (X,) be a quasi-f-power increasing sequence. Suppose also that there exist
sequences (0y,) and (A, ) such that conditions (2.1)- (2.4) of Theorem A are satisfied.
If the condition (2.5) is satisfied, then the series ) ap A, is summable | C, a, 856 |,
0<a<l,8>-1,k>1,>0,and (e + 8 —9) > 0.

Remark. It should be noted that if we take 8 = 0 and 6 = 0, then we obtain a
known result dealing with the | C, « |, summability (see [5]). If we take v = 0 and
(X,) as an almost increasing sequence, then we get Theorem A. In this case the
condition ”(\,) € BV” is not needed. Also, if we set § = 0, then we get a result
concerning the | C, «, § |, summability factors of infinite series. Furthermore, if we
take =0, 6 =0 and o = 1, then we get a result for | C, 1 |, summability factors
of infinite series. Finally, if we take (X,) as a quasi-n-power increasing sequence,
then we obtain a new result.
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We need the following lemmas for the proof of our theorem.
Lemma 1 ([2]). fO<a <1, > -1, and 1 <v <n, then

1> A ABay, |< max |y AL Ala, | (3.1)
p=0 =0

n—p*ip 1<m<ov m—p*ip

Lemma 2 ([4]). Except for the condition (A,) € BV, under the conditions on
(X,), (on) and (A,) as expressed in the statement of the theorem, we have the
following;

nX,on = O(1), (3.2)
> on Xy < 0. (3.3)
n=1

4. PROOF OF THE THEOREM

Let (T#) be the nth (C,a, 3) mean of the sequence (na,\,). Then, by (1.1),
we have that

I & e
ToA = TWZA?M%%’\U-
A” v=1

Applying Abel’s transformation first and then using Lemma 1, we obtain that

1 n—1 v ) A n i
Tr(:,ﬁ = W Z A)\’U Z Azprgpap + ATZ_ﬁ Z AzivAg'an”
n v=1 p=1 n v=1

n—1 v N
o 1 - B )
| Tn,ﬁ | S W Z | A)\q} H ZA%_;)Agpap | +Aa+ﬂ | ZA%_,}}A’E’UQU |
! =t p=1 n v=1
1 n—1
< Y ZA(vaJrﬁ)agﬁ | AN [+ [ A | 027 = T + T2

v=1

To prove the theorem, by Minkowski’s inequality, it is sufficient to show that for
k>1

oo
noFl Tﬁ‘f F< oo, for r=1,2.

n=1
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When k > 1, we can apply Holder’s inequality with indices k and &', where %—i— % =
1, and so we get that

m+1 m—41 1 n—1
Z k=1 | Tslﬁ k< Z Sk—1 | — ZA(aJrﬁ)ga BAN, |*
= n=2 A v=1
m+1 1 n—1 n—1
_ (a+B)k aﬁ k—1
= 00 X e (O v AN O (1AM
n=2 v=1
m+1 1
— (a+B)k 5 (9B - -
= Z“ o(057)" 21 nlt(atB—0)k
n=v+

o0 dx
_ (a+B)k 5 (9B
= Z“ o(077) /v sl (atB—d)k

= iavv (92B)* Zva R (b

v=1
m—1

= 0(1) Z A(voy,) Zpék*l(ﬁz"ﬁ)k +O(1)mo, Zv‘;kfl(ﬁg"ﬁ)k
v=1 p=1 v=1
m—1

= 0(1) Y |A (v6y)| Xy + O(1) Mo Xm
v=1
m—1

= o)) | (w+1DAc, — 0y | Xo + O(1)mom Xm
v=1
m—1 m—1

= 0(1) Y v|Acy| X, +0(1) Y 0, X, + O(1)mom X,
v=1 v=1
= 0(1) as m — oo,

in view of hypotheses of the theorem and Lemma 2. Similarly, we have that

m m—1
anik—l‘ T7(Ll72[3|k _ Z|)\|n§k 10aB ZA |/\n| Z,USk lecxﬁ
n=1
m—1
+ O(1) |An] Zu‘sk—l(agﬁ)k =0(1) > [AN] Xy + O(1) [Amn| X
v=1 n=1
m—1
= 0(1) Z onXn +O0Q) A X = 0O(1) as m — oo,
n=1

by virtue of hypotheses of the theorem and Lemma 2. This completes the proof of
the theorem.
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his/her suggestion dealing with the reference [5].
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