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ON THE GROWTH ESTIMATE OF COMPOSITE ENTIRE AND
MEROMORPHIC FUNCTIONS

S. KR. DATTA AND T. BISWAS

ABSTRACT. In this paper we study the growth properties of composite entire
and meromorphic functions which improve some earlier results.

1. INTRODUCTION

We denote by C the set of all finite complex numbers. Let f be a meromorphic
function and g be an entire function defined on C. We use the standard notations
and definitions in the theory of entire and meromorphic functions which are avail-
able in [7] and [4]. In the sequel we use the following notations:

log[k] r = log (log[k_l] x) for k=1,2,3,--- and
log[o] r =
and
exp[k] r = exp (exp[k_l] 33) for k=1,2,3,--- and
expz = 2.

The following definition is well known.
Definition. The order p; and lower order Ay of a meromorphic function f are

defined as e T o T
pr= 1imsup0g7(r’f) and Ay = liminfL(r’f).
r—00 log r r—oo  logr
If f is entire then
log? M lool?l pr
py =lim supiOg (r, /) and Ay = lim inf2& "\ J) (r, f)
r—00 logr T—00 logr

Juneja, Kapoor and Bajpai[5] defined the (p, ¢) th order and (p, ¢) th lower order
of an entire function f respectively as follows :

(] ]
py (p,q) = lim supw and \; (p, g) = lim infw

r—00 log[‘I] r r—00 IOg[Q] r ’

where p, g are positive integers with p > ¢.
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When f is meromorphic, one can easily verify that

[p—1] [p—1]
pr (p,g) =lim supw and As (p, ¢) = lim infw
r—00 log[q] r r—00 log[Q] r
where p, g are positive integers and p > q.
If p=2 and g = 1 then we write ps (2,1) = py and Ay (2,1) = Ay.

In this paper we intend to establish some results relating to the growth properties
of composite entire and meromorphic functions on the basis of (p,q) th order (
(p, q) th lower order ) improving some earlier results where p, ¢ are any two positive
integers with p > q.

2. LEMMAS.

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [I] If f is a meromorphic function and g is an entire function then
for all sufficiently large values of r,

T(r.9)
T < ]. 1 71—‘ M 9 9 .
(£ 20) < {1+ o)} g 70T (0 (r,9), )
Lemma 2.2. [2] Let f be a meromorphic function and g be an entire function and
suppose that 0 < p1 < pg < 00.Then for a sequence of values of r tending to infinity,

T(r, f og) = T(exp(r"), ).

Lemma 2.3. [3] If f and g are entire functions then for all sufficiently large values
of r,
1

SM(5.9) = 19O f).

M(r, fog) > M( 5

M(

3. THEOREMS.

In this section we present the main results of the paper.

Theorem 3.1. Let g be entire function and h, k be two transcendental entire
functions such that A\ (a,b) > 0, Ay (c,d) > 0 and pg(m,n) < A (c,d) where
m,n,a,b,c,d are all positive integers with m > n, a > b and ¢ > d. Then for every
meromorphic function f with 0 < ps(p,q) < 0o and for any two positive integers
p,q with p > q

logl*™ U T(expld=tr ho k
(i) lim 128 (exp!~tr hok)

=o0ifg=m and b < c,
r—00 log[P_l] T (’l", f o g)

(i7) lim log"* ! T(expl® Y r, h o k)
r—00 log[P+m*Q*2] T (T, f o g)

=00 ifg<m and b < c,

log* ™2 P(expld=r hok
(797) lim o8 (exp rhok) =0 ifg=m and b > c,

r—00 log[p—ll T (r, fog)

1 l[a+c—b—2] T [d—1]
and (iv) lim o8 (exp rhok)

=0 ifg<m and b > c.
r—00 log[P+m—q_2] T (T, f o g) f q
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Proof. In view of Lemma 1 and the inequality T (r, g) < log™ M (r, g) we obtain

for all sufficiently large values of r that
log" U T (r,fog) < log" T (M (r,9), f)+O(1)
i, log? T (r,fog) < (ps(pg)+¢)log M (r,g) +O(1).  (3.1)

Now the following cases may arise :
Case I. Let ¢ = m. Then we have from (3.1)) for all sufficiently large values of r,

log? T (r, f 0 g) < (py (p,q) +€)log™ M (r,9) + O(1).  (32)

Now from the definition of (m,n) th order of g we get for arbitrary positive € and
for all sufficiently large values of r,

log"™ M (r,g) < (pg(m,n)+e)log™ r
i.e., log™ M (r,g) < (pg(m,n) +¢)logr. (3.3)
Also for all sufficiently large values of r it follows from that
log™ = M (r, g) < r(Palmm)te), (3.4)
So from and it follows for all sufficiently large values of r that
log?" T (v, f o g) < (py (pq) +&) rPo™m ¥ 4+ O(1). (3.5)

Case II. Let ¢ < m. Then we get from(3.1)) for all sufficiently large values of r
that

log? T (r, f 0 g) < (ps (p,q) + &) expl™ 1og™ M (r,9) + O(1).  (3.6)
Again from for all sufficiently large values of r,
exp™ D ogl™ M (r,g) < expl™ 4 1og r(Ps(mn)+e)
i.e., exp™ logl™ M (r,g) < explmmamHples(mm)te), (3.7)
Now from and we obtain for all sufficiently large values of r that
log? T (r,fog) < (ps(p.q) + ) expl™ 0 pbalmm+9 1 O(1)
ie, logP! T(r,fog) < expm=a-2ples(mmte) 4 (1)

ie., loglPtm= 12T (1 fog) < logm 97 explm—a=2 plestmmte) L (1)
ie., logP*™ 2T (r fog) < rleammte) L O(1). (3.8)
Since pg (m,n) < A (¢,d) we can choose € (> 0) in such a way that
pg(m,n) +e < A (e, d) —e. (3.9)
Now using the inequality T (r, hok) > $log {§M (4, k) + o(1), h} {cf. [6]} we obtain
for all large values of r that

logl*—1] T(expl® Uy hok)
d—1]

[
> logl {;M(e}(pzlr,k) + 0(1),h} +0(1)
i.e., logl® U T(expld=r hok)
[d-1]
> Ontant) =210 {0k o)
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i.e., logl® U T(expld=r hok)

(exp[d’l] T

> (Au(a,b) —e)logl! M k) +0(1). (3.10)

Case III. Let b < c. Then from (3.10)) it follows for all sufficiently large values of
r that

logl*—1] T(explr hok)

[d—1]
@%,k) +0(1). (3.11)
Now from the definition of (c,d) th lower order of k we obtain for arbitrary positive
e (> 0) and for all sufficiently large values of v that

> (An(a,b) — e) exple=~Hlogle™ ar(

expld—t expld—11
log? M(ZP—k) > (Mele.d) — ) log!" (- —)
[d—1]
ie., log[C]M(eXp4 " k) > (Ow(ed) —e)logr + O(1)
[d—1]
i.e., log[c]M(EXp r,k) > logrPeed=2) L 0(1). (3.12)

Also for all large values of v we get from (3.12) that

exp[d_l] r

logl“ ) M( k) = reed=9 L o), (3.13)

Now from (3.11)) and (3.13)) it follows for all sufficiently large values of r that
logl* U T(expl® U7 hok) > (An(a,b) — ) exple=t=UpQrled=2) L O(1). (3.14)

Case IV. Let b > c. Then from (3.10) we obtain for all sufficiently large values of
/,17

logl* ™1 T(expl®Yr ho k)
[d—1]

4

exp

> (An(a,b) — €) loglt= 1og!®! {M( L k)} +0(1). (3.15)

Now from and we have for all sufficiently large values of r,
logl*™ 1 T(expl=Yr ho k)
> (An(a,b) — ) loglt= log rPsled=2) 4 O(1)
i.e., logl* U T(expld=r hok)
> (An(a,b) — ) logletU pQeled)==) 4 (1)
i.e., logl T(expld=r hok) > loglt—ctd pOnled=e) L (1)
ice., 1oglate A T (expl?= 1 hok) > rrled=2) L 0(1). (3.16)

Now combining (3.5)) of Case I and (3.14) of Case III it follows for all sufficiently
large values of v that

logl*~ ! T(explé =11, ho k) _ (n(a,b) — &) exple=t=1 rOu(ed=2) 1 (1)
log?" T (r, f o g) (pf (p,q) + &) riPslmmite) + O(1)
log[“fl} T(expl®Ur hok)

i.e., liminf 5 = 00
r—00 log[P_ ] T (7’, f o g)

>

)
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from which the first part of the theorem follows.

Again combining (3.8) of Case II and (3.14)) of Case III we obtain for all sufficiently
large values of v that

logl*—!! T(expl=r hok)
log"*™ =4~ T (7, f o g)

(An(a,b) —e) explemt= 1 puled=9) + O(1)

2 P a9 1 O(1)

o Jogl U T(expld i ho k)
i.e., liminf — =00
= dog” AT (1, f o g)

. _ logl U T (expli=tr hok)
i.e., lim —— =00
oo log?t AT (1, fo g)
This establishes the second part of the theorem.
Now in view of (3.5 of Case I and (3.16)) Case IV we get for all sufficiently large

values of v that
10g[a+67b72] T(eXp[d—l] rhok) rOr(ed)—e) 4 0O(1)
log? 1T (r, f o g) ~ (ps (p,q) +)rlrammte) £ O(1)
So from (3.9) and (3.17)) we obtain that
. log[‘”c_b_Q] T(expl?=Ur hok)
lim inf T = 00,
r—00 log[”_ Ip (r,fog)
from which the third part of the theorem follows.
Again combining (3.8]) of Case II and (3.16|) of Case IV it follows for all sufficiently
large values of v that
10g[a+c—b—2] T(exp[d—l] r hok) - rQe(ed)—e) 4 O(1)
log? AL (1, fog) - rOatnIE £ O(1)

Now in view of (3.9) we obtain from (3.18|) that

o 10g[a+c—b—2] T(exp[d—l] r ho k)
lim inf 5 = o
r—00 log[p+m*‘I* ] T (T, f o g)
. _loglete =2 P(expld=1y ho k)
i.e., lim =) = oo.
r—»00 10g[p+m 2T (r fog)

This proves the fourth part of the theorem.
Thus the theorem follows.

(3.17)

(3.18)

Remark. The conditions Aj (a,b) > 0, pg (m,n) < A (¢,d) and py (p,q) < oo
in Theorem 1 are necessary which are evident from the following examples.
Example. Let
f=g9g=h=expz andk:exp(z2).

Also let

a=3,p=m=c=2andg=n=b=d=1.
Then

pr=1,p,=1<2=X, and A\, =\, (3,1) = 0.
Now

T(r,hok) <logM(r,hok)=log expl? r? = exp r?
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and
T(r,fog)~ .
(2m3r)2
So
log? T'(r, h o k) 2logr
logT(r,fog) ~— r—3logr+0(1)
ie. g T(rhok) _

I
" 5% log T(r, f o 9)
Example. Let

fzhzk:expzandgzexp(ZQ).

Also let
p=m=a=c=2andg=n=b=d=1.
Then
pr=1, pg=2>1= XA, and A\, = L.
Now
T(rhok) ~ —PL
(2m3r)2
1
i.e., logT(r,hok) ~ r— ilongrO(l)
and
1 r
T(r,fog) = glogM(5, fog)
2
i.e., logT(r,fog) > log!? expl? (2) +0(1)
2
i.e., logT(r,fog) > T +0(1).
Therefore
logT(r,hok) r—1logr+ O(1)
log T'(r, f o g) T+0(1)
logT
i.e., lim og T(r; 1o k) = 0,
elogT(r, f o g)

which is contrary to Theorem 1.
Example. Let

f=g9g=h=k=expzandp=m=a=c=2andg=n=b=d=1.
Then
pr=1p,=1= XA and A\, = 1.

Now
expr

T(T,hok) ~ (2 3 )l
Tor)?

1
i.e., logT(r,hok) ~ rfilongrO(l)
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and T(r,fog) > %logM(g,fog)

i, logT(r,fog) > log? M(;fog) +0(1)

ie., logT(r,fog) > log expl? (g) +0(1)

ie., logT(r,fog) > g +0(1).

So we get that
logT(r,hok) < = 1logr 4+ O(1)
logT'(r, fog) ~— 5+0(1)
- i

Example. Let

f=expPz, g=h=-expz, k=exp (2'2)
and
p=m=a=c=2andg=n=b=d=1.
Then
pr=00,pg =1<2=xp and A\, = 1.
Now
T(r,hok) <log M(r,ho k) = log exp? (r?) = exp (r?)
i.e., logT(r,hok) <r?
and
1 r
T(r,fog) = glogM(i,fog)
i.e., logT(r,fog) > log!? M(g, fog)+0(1)
i.e,, logT(r,fog) > logm expl?! (g) +0(1)
i.e., logT(r,fog) > exp (g) + O(1).
Hence
logT(r,hok) < 72
logT(r,fog) ~— exp(35)+0(1)
. logT(r,hok)
" Sl T(nfeg)

which contradicts Theorem 1.

Remark. The condition py (m,n) < Ag (¢,d) in Theorem 1 is necessary, which
is true in general only if ps (p,q) > 0 otherwise the condition py (m,n) < Ag (¢, d)
will be violated.The following two examples strengthen this comment.

Example. Let

g:exp(zz) and f=h=k=expz.
Also let
p=3, m=a=c=2andg=n=b=d=1.
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Then
/_)f:pf(3,1):0<oo7 pg=2>1= A, and \, = 1.
Now
T(T,hok) ~ exprl
(2m3r)=
1
i.e., logT(r,hok) ~ 71— 3 logr + O(1)
and
T(r,fog) < logM(r,fog)=expr’
ie., log!? T(r,fog) < 2logr.
Therefore
logT(r,hok) r—Llogr+O(1)
g T(r fog) © 2loer
. logT(r,hok)
i.e. = oo.

, lim ———————
T—)oolog[z] T(?", f o g>

Example. Let

f=g9g=h=k=expz.

Also let
p=3, m=a=c=2andg=n=b=d=1.
Then
pr=p;(3,1)=0<00, pg=1= X and A, = 1.
Now
T(r,hok) ~ exprl
(2m3r)?
1
i.e., logT(r,hok) ~ 71— 3 logr + O(1)
and
T(r,fog) < logM(r,fog)=expr
i.e., log[z] T(r,fog) < logr.
Therefore
logT(r,hok) r—1logr+ O(1)
log®I T(r, f 0 9) log
) logT(r,hok)
i.e. = oo.

, Im —7—————
r=log® T'(r, f o g)

Theorem 3.2. Let h be meromorphic and g, k be entire such that A (a,b) > 0 ,
0 < pr < 00 and pg(m,n) < py where m,n,a,b are all positive integers with m > n
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and a > b. Then for every meromorphic function f with 0 < py (p,q) < oo and for
any two positive integers p,q with p > q

logl* N T(r, hok)

i lim sup = o
9 r—00 log[p_l} T(r,fog)+ log[m] M (r,g)
ifb = 1 andq>m;
T logl* U T(r,hok)
(#¢) limsup 5 = o0
r—oo loglPtm—a=2Ap (r,fog)+ logl™ M (r,9)
ifb = 1 and g <m;
S log[afl] T(r,hok)
(4i7) limsup T = o0
r—oo logl? ™1 T(r,fog)+ log!™ M (r, 9)
ifqg = mandl <b<n+1;
logl Y T(r,h ok An (a,b
(iv)  limsup T %8 (r.ho k) > 1A (a,6)
r—oo logP" U T(r, fog) +log™ M (r,g9) ~ (ps (p,q) + 1) pg (m, )

ifg>m, b=n=2and 0 < p < pi;
log* 1 T(r,h o k) A (a,b)
loglP— 1 T(r,fog)+ log™ M (r,g) — (pr (pyq) +1)pg (m,n)
ifg>m and b=n > 2;

Y

lim sup
r—00

(v)

= o0

(vi) limsup log[a_l] T(r,hok)
P00 log[p+m+”_q_2] T(r,fog)+ log[m] M (r,g)

ifg<mandl <b<n+1;

log!* 1T (r, h o k) pi\ (a,b)

Vig lim sup >
(vid) r—oo loglPT™ == (£ o g) +log™ M (r,g) ~ 1+ pg(m,n)
ifg<m,b=n=2and0 < p<pg
and
logl U T(r,h ok An (a,b
(vidi) lim sup %8 (r,hok) n(a,b)

logPt ™7 =9=27(r, f o g) + log™ M (r,g) = 1+ pg (m,n)
ifg<mandb=n > 2.

T—00

Proof. Since py(m,n) < pr we can choose £(> 0) in such a way that

pg(m,n) +e < p<py—e. (3.19)
By Lemma 2 we obtain for a sequence of values of r tending to infinity,
T(r,hok)>T(exp(r*),h), where 0 < p < pi, < 00
ie., log U T(rhok) > logl* U T(exp(rt), h)
i, logl U T(r hok) > (An(a,b) —e)log® exp(r#)
ie., logl U T(rhok) > (An(a,b)—e)logl U(rH). (3.20)

Now the following two cases may arise :

Case I. Let b = 1. Then from (3.20) we get for a sequence of values of r tending

to infinity that

logl*™ U T (r,hok) >

(An (a,b) —e)(r"). (3.21)



10 S. KR. DATTA AND T. BISWAS

Case II. Let b—1 =1 > 0. Then from (3.20) it follows for a sequence of values of
r tending to infinity that

1og!* U T(r,h o k) > (Mn (a,b) — ) log (). (3.22)

Now from the definition of (m,n) th order of g we have for arbitrary positive ¢ and
for all sufficiently large values of r,

log!™ M (r,g) < (p(m, n) + ) log 7. (3.23)
Let ¢ = m. Then we have from (3.1]) and (3.23)) for all sufficiently large values of r,
log? U1 (r, f 0 g) < (py (p,q) + &) (pg(m,n) + &) log!" r. (3.24)

Now if b =1 and ¢ > m , we get from (3.5)) , (3.21) , (3.23) and in view of (3.19)

for a sequence of values of r tending to infinity,
logl* YT (r, hok)
log?~ T (r, f o g) +log!™ M (r, g)
N (n (a,) = 2)(r*)
" (o1 () + &) 1) 1 (g m, ) + ) log - O(1)
. . logla = T'(r, h o k)
i.e., limsup =] ]
r=oo log? T (r, f o g) +logl™ M (r, g)
which proves the first part of the theorem.

Again we obtain from (3.8)) , (3.19) ,(3.22)) and (3.23) for a sequence of values of r

tending to infinity when b =1 and ¢ < m
logl® U T(r, hok)
log?*™ =421 T (1, f o g) + log!™ M (r, g)
y (M (a.5) — o))
~ rlpalmmte) 4 (pg(m, n) + €) logi" v + O(1)
o log" 1 T(r,h o k) B
i.e., limsup — = 00.
r—o0 1og[p+m =2 (r,fog)+ log[m] M (r,g)
This proves the second part of the theorem.

When b > 1 and ¢ > m , from (3.22) , (3.23]) , and (3.24]) we get for a sequence of

values of r tending to infinity,
logl* U T(r, hok)
loglP~ Y T(r,fog)+ logl™ M (r,9)
(An (a,b) —£) log" (r#)
(05 (P,q) + ) (pg(m, ) + ) logl"™ v + (pg(m,n) + ) log™ 7 + O(1)

i.e., limsup log[“_l] Tlr,ho k)
T rsee loglP T T(r, f o g) +log™ M (r, g)

= o0,

>

=xifl<b<n+1;
again

Jimn sup logl— 1! T(r,hok) S uXp (a,b)
r—oo logP U T(r, fog) +1log™ M (r,g) ~ (ps (0,q) + 1) pg (m, )
ifb=n=2and 0 < p < pg
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and also

lim sup LLAAGULL) > An (a,0)
r—oo logP U T(r, fog) +1log™ M (r,g) ~ (ps (p,q) + 1) pg (m,m)

if b=n>2and0< p< pg.

This respectively proves the third , fourth and fifth part of the theorem.
Again when b > 1 and ¢ < m, combining (3.8) , (3.22)) and (3.23) we obtain for a

sequence of values of r tending to infinity,

logl® N T(r, hok)
g AL, o g) 4 logl M (1, )

(An (a,b) — &) log! (r)#
- log[”] T+ (pg(m,n) + ¢) log[n] r+0(1)

i.e., limsup log” N T(r,h o k)
T s loglt =21 f o g) 4 logt™ M (r, g)

=x0ifl<b<n+1;

also

lim sup log* 1 T(r,ho k) > #An (a,0)
r—oo loglPt™ == (£ o g) +1logl™ M (r,g) — 1+ pg(m,n)

ifb=n=2and 0 < p < pg

and again

lim sup log 11 Tr, h 0 k) > An (,5)
rooo loglPt™ == fog) +log™ M (r,g) ~ 1+ pg(m,n)

ifb=n>2and 0 < p < pg.

from which the sixth , seventh and eighth part of the theorem respectively follows.
Remark. The condition pgy(m,n) < pp and py (p,q) < oo in Theorem 2 are
essential as we see in the following examples.
Example. Let

f=g=h=k=expz.

Also let
p=m=a=2andqg=n=>b=1.
Then
pr=1, pg =1=p; and A\ = 1.
Now
T(r,fog) = T(rhok)~ 0y
(2m3r)2
1
t.e,logT(r,fog) = logT(r,hok)~r— 3 logr + O(1)
So
. logT(r,hok) . r—1logr+O(1)
lim sup = lim sup

r—oo logT(r, f o g) +log® M(r,g)  r—ec r— 3logr+ O(1) +logr
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. . logT(r,hok)
i.e., limsup 3]
r—oo logT(r, fog)+ log! M(r, g)
r— %logr—i—O(l)

= limsu =
s 7 + Llogr + 0(1)

)

which is contrary to Theorem 2.
Example. Let

f:expmz ,g=h=expz andkzexp(zQ).

and
p=m=a=2andqg=n=>b=1.
Then
pF=00, pg=1<2=p,and A\, =1.
Now
T(r,hok) < logM(r,hok)=logexpl (r?)
i.e., T(r,hok) < exp (7“2) ,
1
and T(r. fog) > glogM (gf og)
1 r 1 T
> - Bl (L) = Zexpl2 (L
o Tlrgog) > Hoge® (5) = Lep? (2)
and log[z] M(r,g) = logr.
Therefore
logT(r,hok) - log exp (r%)
logT(r, fog) +log®? M(r,g) ~ logexpl? (5)+0(1) + log!@ expr
e logT(r,hok) < r?
ClogT(r, fog) +1og® M(r.g) T exp(3) +logr+0(1)
i.e., limsup log T(r, o k) = 0,

roo log T(r, f o g) + log!® M (r, g)
which is contrary to Theorem 2.

Remark. The condition p, (m,n) < Ax in Theorem 2 is necessary which is
true in general only if py (p,q) > 0 otherwise the condition pg (m,n) < pp will be
violated.The following example ensure this comment.

Example. Let

f:h:k:expzandg:exp(z3).

Also let
p=3, m=a=2andg=n=>b=1.
Then
pr=p;3,1)=0<00, pg=3>1=p;and \; = 1.
Now
T(r,hok) ~ exprl
(2m3r)2

1
i.e., logT(r,hok) ~ T*ilogT+O(1),
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T(r,fog) < logM(r,fog)=expr’
e., logl? T(r,fog) < 3logr.
and log!? M(r,g) = 3logr.
Therefore
logT(r,hok) r—+logr+O(1)
log!? T(r,fog)+ log? M(r, g) 6logr
ie lim logT(r,hok) o
"r—oo]ogl?] T(r,fog)+ log!?! M(r, g)

Theorem 3.3. Let f, g be entire functions such that 0 < ¢ (p,q) < ps (p,q) < 00
and Ay (m,n) > 0 where p,q, m,n are positive integers with p > q and m > n.Then

for any positive integer [,

o Tog? Mexp 117, f o g)
=00 1oglP T AL (expll 1, f)
log”! M (exp"~Ur, f o g)

(4)

oo ifg<m and q>=1;

Ap (p:q) Ag (m,m)

m and q = 1;

oo if g < m andq <l

/\f (p7 Q) /\g (mv n)

m and q < ;

i1) limsu
(é) r%oop loglPt a1 (expllr, f)
ifq =
. log[]M(exp[" Uy fog)
(4i7) lim T =
r%mlog[P q—1l+ ]M (exp 7, )
. . log”! M (expl"=Ur, f o g)
(fv)  limsup T >
r—oo log[p_q s (exp T, f)
ifq =
) log[p+m—q—1] M(exp[”*l] r, fog)
(v) lim T
r—00 log[ThL ] M (exp[l] T, f)
and
loglPtm—a=1 pr [n—1]
(m’) lim 0og (exp r,fog)

=00 if g >m and q < ;

=00 ifg>m and q > 1.

T—00

loglP+ 1 s (expllr, f)

Proof. Let us choose 0 < ¢ < min{As (p,q), g (m,n)}.
Now for all sufficiently large values of r we get from Lemma 3,

1 [n—1]
M(exp[nil} vaog) 2 M{16M(exp2rvg)af}
i -1] w ay f Lyt
€., log M(exp vaog) 2 log M EM(T’Q)M}C
i 1) [ Lol
e., log®™ M (exp r,fog) = (Ar(p.q) —e)log EM(#,Q)

e., log®! M(exp"=Yr, fog)

expl"1l

> (Ar (prq) —e) log!” M(——

,g)+O(1).

(3.25)
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Now the following two cases may arise.
Case I.Let ¢ < m. Then from (3.25) we obtain for all sufficiently large values of r
that

log! M (exp"~Ur, fog)

[n—1]
¥7 9). (3.26)

Now from the definition of (m,n) th lower order of g we have for all sufficiently
large values of r,

> (Af (p, q) —¢) exp™ U logl™ M (

[n—1] [n—1]
m exp r nl, €XP r
tog M(ZE——L, ) > (A, (mym) — ) logh (P
1]
ie., 1og[m]M(%,g) > (A (myn) —€)logr + O(1)
n—1]
ie., log[m]M(%,g) > logrPe(mm=e) 4 O(1). (3.27)

Now fromandwe get for all sufficiently large values of r that
log!”! M(exp["_l] r,fog) = (As(p,q) —¢) expl™ =4 1og rPelmm)—e) 4 0(1)
i.e., log! M(exp" U7 fog)
> (A (p,q) — &) expl™ a1 pRalmm=e) L O(1), (3.28)

Case II. Let ¢ > m. Then from (3.25) and (3.27) it follows for all sufficiently large
values of r that

log!”! M(exp" U7 fog)
> (A (p,q) — &) logh' ™™ log rPe(mm=2) 1 O(1)
i, 1ogP ) M(explt=Ur, fog) > loglt=m+2 pQamm—e) 4 (1)

i.e., logPT™ =1 M (explt = r, fog) > rQalmm=2) L 0(1). (3.29)
Again from the definition of ps (p, q) we get for all large values of r that
logh”! M (expl' v, ) < (s (b, ) + ) log!?) {expl 1} (3.30)

Now the following two cases may arise.
Case III. Let ¢ > [. Then we have from (3.30|) for all sufficiently large values of r,

log”! M (exp[” r, f) (ps (p,q) +€) log" {eXp“] r}
i.e., log[p] M (expm T, f) < (ps(pyq) +e)r

i.e., log[p‘H] M (exp[” T, f)

IN

IN

logr + O(1). (3.31)

Case IV. Let ¢ < [. Then we have from (3.30) for all sufficiently large values of r
that

log“’]M(eXme,f) < (ps(p.q)+e)expl=@r

i.e., loglP*1 M1 (expm T, f)

IN

expll=1=1r + O(1)

i.e., loglP~a++1 pp (expm 2 f) < logr+ O(1). (3.32)
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Now combining ([3.28]) of Case I and (3.31)) of Case III it follows for all sufficiently
large values of r that

log” M(expl 17, f 0 g)
log? ! M (expll] 7, f)

Oy (p.) — &) expl=o=1) 0= 4 O(1)
- logr + O(1) '
If ¢ < m then from (3.33)) we get that

(3.33)

- ogl?! M(expli=tr, fog)
lim inf T = o
r—oo  JoglPtt pp (expll r, f)

) 1og[p] M(expl" 7, fog) _
v e [p+1] [0 - %
log M (exp T, f)

This proves the first part of the theorem.
If ¢ = m then from (3.33)) it follows for all sufficiently large values of r that

(As (p.g) —€)(Ag (m,n) —e)logr + O(1)
logr + O(1) '

log[p] M(exp[”_l] r,fog)
log!P+ 1 pr (expll 7, f)

>

As e (> 0) is arbitrary we obtain from above that

, log”! M (exp"=Ur, f o g)
lim sup T
r—oo logPt1 s (expllr, f)

> g (p,q) Ag (m,n).

Thus the second part of the theorem follows.
Again in view of(3.28)) of Case I and (3.32) of Case IV we have for all sufficiently
large values of r,

log M(expl*1lr, f o )
log[pquJrl] M (exp[l] T f)

_ Oy (pg) —g)explm e rrmm=a) + O(1)
- logr + O(1) ’
When ¢ < m and ¢ < I then we get from (3.34) that

(3.34)

i inf logl”! M (expln=t 7, f o g)
im in

r—00 log[l’ q+1+1] M (exp 7, )
1og[p] M(eXp n=1lr fo 9)

7-—>n<3<>10g[p a+i+1] pr (eXp r

= o0

i.e.,

This establishes the third part of the theorem.
Again when ¢ = m and ¢ < [ then it follows from (3.34)) for all sufficiently large
values of r that

log” M (expl"=Ur, f o g) s A (pg) —€)(Ag (m,n) —¢)logr + O(1)

log?~ U M (explilr, f) logr +O(1)




16 S. KR. DATTA AND T. BISWAS

As e (> 0) is arbitrary it follows from above that

. log”! M (expl"=Ur, f o g)
lim sup

> Ar(p,q) Ag (m,n).
roo logP ™I (explr, f) 1 (2:0) 2g (m.m)

Thus the fourth part of the theorem is proved.
Now in view of (3.29)) of Case II and (3.31)) of Case III we get for all sufficiently
large values of r that

logPT™ == M (explr=1 7 f o g) - ra(mn)=e) 1 O(1)

log? 1 M (explll 7, f) N logr +O(1)
o JogP P (expltlr, fog)
i.e., liminf T = 00,
r—00 log[P"‘ ] M (exp[l] T, f)

from which the fifth part of the theorem follows.
Again from (3.29) of Case IT and (3.32]) of Case IV we have for all sufficiently large
values of r that

logPT™ =91 M (explr=1 7 f o g) - r(o(mm)=2) 1 O(1)
logP= T+ AL (expl 7, f) N logr +O(1)
Jogtm U M (expln ! r, f o g)

i.c., liminf log?P~ 4+ A (explll 7, f) -
o loglPtm U M (explt Uy, f o g)
i.e., lim >

r—00 log[P*q+l+1] M (exp[l] T, f)

This proves the sixth part of the theorem .
Thus the theorem follows.
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