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DISTANCE-BASED ENERGIES OF NON-COMMUTING GRAPH

FOR DIHEDRAL GROUPS

MAMIKA UJIANITA ROMDHINI∗, ATHIRAH NAWAWI, FAISAL AL-SHARQI

ABDURAHIM, ANDIKA ELLENA SAUFIKA HAKIM MAHARANI, IFAN HASNAN DANI

Abstract. The connection of graph and group is a new interesting topic in

which the group elements are the graph’s vertex set. The non-commuting

graph for dihedral groups is one graph representation of the group. This re-
search focuses on the spectral properties of this graph, including spectral radius

and energy, in which the matrix representations are distance, Harary, distance

Laplacian, and distance signless Laplacian matrices. The relationships between
the obtained energies are also presented in this paper.

1. Introduction

The link between graphs and matrices, or more precisely, how algebra facilitates
the study of graphs, is the focus of spectral graph theory. Lately, the study of graph
spectral has extended to the graph defined on a finite group. The best example of
this graph is the non-commuting graph.

Let G be a finite group and Z(G) is the center of G. The non-commuting graph of
G is denoted by ΩG = (V (ΩG), E(ΩG)) with V (ΩG) = G\Z(G) as the set of vertex
and E(ΩG) is the set of edge. The element of E(ΩG) is (u, v) where uv 6= vu, for
all u, v ∈ V (ΩG) [1]. Abdollahi [1] studied some properties of ΓG associated with
a non-abelian group G, and proved that ΓG is always connected. As a result, the
notion of distance between any two vertices in ΓG is well defined. In this work, we
concentrate on the dihedral group of order 2n, D2n, with n ≥ 3. Throughout the
paper, the non-commuting graph of D2n will be denoted by ΩD2n.

Gutman [10] pioneered the energy of ΩG in 1978. It is known that the energy
of a graph can not take an odd integer value [5, 18]. Moreover, bounds for the
adjacency energy have been established in the literature, see [9]. In 2008, Indulal
and Gutman [14] proposed a distance-based matrix defined in terms of the pair-
wise vertex distances of a graph, and subsequently they introduced the concept of
distance energy.
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The distance-based energies of the graphs have been discussed and are defined in
terms of several matrices, including Wiener-Hosoya [13], distance [14], and distance
signless Laplacian matrices [19]. Another type of matrix based on the distance
defined by [6], is a resistance-distance matrix. Aouchiche and Hansen [4] were the
first to introduce distance Laplacian and distance signless Laplacian matrices, then
in 2024, Jahanbani et al. [16] extended the study to the eigenvalues of this matrix.
Ivanciuc et al. [15] introduce a novel molecular graph matrix, the Harary matrix
(originally termed the reciprocal distance matrix). Meanwhile, the Wiener-Hosoya
energy of ΩG has been done by [22], now we focus on distance, Harary, distance
Laplacian, and distance signless Laplacian matrices in this work.

2. Preliminaries

In this research, we continue to discuss D2n =
〈
a, b : an = b2 = e, bab = a−1

〉
,

where n ≥ 3 and divide it into two sets G1 = {ai : 1 ≤ i ≤ n}\Z (D2n) ⊂ D2n,
and G2 = {aib : 1 ≤ i ≤ n} ⊂ D2n. consider u, v ∈ V (ΩD2n), their distance is
represented by dpq. Then we provide our previous result from [21] on dpq in ΩD2n .

Theorem 2.1. [21] In ΩD2n ,

(1) for odd n, duv =

{
2, if u, v ∈ G1

1, otherwise,
,

(2) for even n, duv =

 2, if u, v ∈ G1

2, u ∈ G2, v ∈
{
a

n
2 +ib

}
1, otherwise.

Furthermore, for u ∈ V (ΩD2n
), The quantity τu represents the transmission of

u and is obtained by summing duv, for all v ∈ V (ΩD2n
). The following theorem is

our previous result [22] which is useful for matrix construction in the next section.

Theorem 2.2. [22] In ΩD2n
, the transmission of vertex u is

(1) for odd n, τu =

{
3n− 4, if u ∈ G1

2(n− 1), if u ∈ G2,
, and

(2) for even n, τu =

{
3(n− 2), if u ∈ G1

2(n− 1), if u ∈ G2,

The transmission-based matrices of ΩD2n are based on the following definitions.

Definition 1. [13] Transmission T of ΩD2n is T (ΩD2n) = diag (τu1 , τu2 , . . . , τun),
where u1, u2, ..., un ∈ V (ΩD2n

).

Definition 2. [14] The distance matrix of ΩD2n , D(ΩD2n), is a square matrix with
components duv for u 6= v, and zero if u = v.

Definition 3. [15] The harary matrix of ΩD2n , H(ΩD2n), is represented by a square
matrix having entries 1

duv
for u 6= v, and zero if u = v.

Definition 4. [4] The distance Laplacian (DL) matrix of ΩD2n is given by

DL (ΩD2n
) = T (ΩD2n

)−D (ΩD2n
) .

Definition 5. [4] The distance signless Laplacian (DSL) matrix of ΩD2n is given
by

DSL (ΩD2n
) = T (ΩD2n

) +D (ΩD2n
) .
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Suppose that the eigenvalues of D(ΩD2n) are µ1, µ2, . . . , µn, then the spectrum

of ΩD2n can be written as SpecD(ΩD2n) =
{
µk1

1 , µ
k2
2 , . . . , µ

kn
n

}
, where k1, k2, . . . , kn

are the respective multiplicities.

Definition 6. [10] The distance energy of ΩD2n is

εD(ΩD2n) =

n∑
i=1

|µi| .

Definition 7. [11] The distance-spectral radius of ΩD2n is

ρD(ΩD2n) = max{|λ| : λ ∈ SpecD(ΩD2n)}.

Definition 8. [17] Graph ΩD2n is said to be hyperenergetic whenever its D−energy
meets the subsequent requirements.

εD(ΩD2n) >

{
4(n− 1), for odd n
4(n− 1)− 2, for even n,

since for odd n, ΓG consists of 2n− 1 vertices, and for even n, it is 2n− 2 vertices.

The preceding notations and definitions remain valid for Harary, distance Lapla-
cian, and distance signless Laplacian matrices.

Theorem 2.3. [20] Consider four real numbers denoted by Let a, b, c, and d. The
characteristic equation of a (2n− 1)× (2n− 1) matrix,

M =

(
(a+ d)In−1 − dJn−1 −bJn−1×n

−bJn×n−1 (c+ b)In − bJn

)
can be simplified into an expression as

PM (µ) = (µ− a− d)
n−2

(µ− b− c)n−1 (
(µ− c+ b(n− 1))(µ− a+ (n− 2)d) + (1− n)nb2

)
.

Theorem 2.4. [23] Let a, b, c and d be real-valued parameters. The characteristic
equation of a (2n− 2)× (2n− 2) matrix

M =

 (a+ d) In−2 − dJn−2 −cJ(n−2)×n
2

−cJ(n−2)×n
2

−cJn
2×(n−2) (b+ c) In

2
− cJn

2
(−d+ c)In

2
− cJn

2

−cJn
2×(n−2) (−d+ c)In

2
− cJn

2
(b+ c) In

2
− cJn

2


is

PM (λ) =(µ− a− d)n−3(µ+ d− b− 2c)
n
2−1(µ− b− d)

n
2(

µ2 + ((n− 2)(d+ c)− a− b)µ+ (d(n− 3)− a)(d− b+ (n− 2)c)− n(n− 2)c2
)
.

3. Main Results

3.1. Distance Energy.

Theorem 3.1. In ΩD2n
, the spectrum of D(ΩD2n

) is

(1) for n is odd:

SpecD(ΩD2n) =


(

3n− 5

2
+

√
5n2 − 10n+ 9

2

)1

,

(
3n− 5

2
−
√

5n2 − 10n+ 9

2

)1

,

(−1)n−1, (−2)
n−2
}
.
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(2) for n is even:

SpecD(ΩD2n
) =


(

3n− 2

2
+

√
5n2 − 36n+ 40

2

)1

,

(
3n− 2

2
−
√

5n2 − 36n+ 40

2

)1

,

0
n
2−1, (−2)n−3+ n

2

}
.

Proof. (1) We have odd n, by Theorem 2.1, it is easy to see that the distance
between each pair of a, a2, . . . , an−1 is 2, and it is equal to 1, otherwise.
According to Definition 2, then the entries of D(ΩD2n

) = [mpq] of size
(2n− 1)× (2n− 1) are
(a) mpq = 2 for p, q = 1, 2, . . . , n− 1 and p 6= q;
(b) mpq = 1 for p = 1, 2, . . . , n−1 and q = n, n+1, . . . , 2n−1 or conversely;
(c) mpq = 1 for p, q = n, n+ 1, . . . , 2n− 1 and p 6= q;
(d) mpq = 0 for p = q.

Therefore,

D(ΩD2n
) =

a a2 . . . an−1 b ab . . . an−1b



a 0 2 . . . 2 1 1 . . . 1
a2 2 0 . . . 2 1 1 . . . 1
...

...
...

. . .
...

...
...

. . .
...

an−1 2 2 . . . 0 1 1 . . . 1
b 1 1 . . . 1 0 1 . . . 1
ab 1 1 . . . 1 1 0 . . . 1
...

...
...

. . .
...

...
...

. . .
...

an−1b 1 1 . . . 1 1 1 . . . 0

.

It is the form of block matrices as follows

D(ΩD2n
) =

(
2(J − I)n−1 J(n−1)×n
Jn×(n−1) (J − I)n

)
.

The above determinant is similar to the form of Theorem 2.3. By choosing
a = 0, b = −1, c = 0, d = −2 and n1 = n − 1, n2 = n, then we derive the
characteristic polynomial of D(ΩD2n

) as given below:

PD(ΩD2n
)(µ) = (µ+ 2)

n−2
(µ+ 1)n−1

(
µ2 − (3n− 5)µ+ (n− 1)(n− 4)

)
. (3.1)

According to Equation 3.1, we obtain four eigenvalues which are µ1 = −2
of multiplicity (n− 2), µ2 = −1 of multiplicity (n− 1), and µ3,4 = 3n−5

2 ±
√

5n2−10n+9
2 . Thus, the spectrum of D(ΩD2n

) is

SpecD(ΩD2n) =


(

3n− 5

2
+

√
5n2 − 10n+ 9

2

)1

,

(
3n− 5

2
−
√

5n2 − 10n+ 9

2

)1

,

(−1)n−1, (−2)
n−2
}
.

(2) Suppose that n is even. By Theorem 2.1 we have the distance between
a, a2, . . . , a

n
2−1, a

n
2 +1, . . . , an−1 is always equal to 2 and the distance be-

tween aib and a
n
2 +ib is also 2 for i = 1, 2, . . . , n. Otherwise, the distance is 1.

Based on Definition 2, then the entries of D(ΩD2n
) of size (2n−2)×(2n−2)

are
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(a) mpq = 2 for p, q = 1, 2, . . . , n− 2 and p 6= q;
(b) mpq = 1 for p = 1, 2, . . . , n − 2 and q = n − 1, n, n + 1, . . . , 2n − 2 or

conversely;
(c) mpq = 2 for p = n − 2 + i and q = n − 2 + n

2 + i or vice versa for
i = 1, 2, . . . , n2 ;

(d) mpq = 1 for p, q = n− 1, n, n+ 1, . . . , 2n− 2 excluding (p = n− 2 + i
and q = n− 2 + n

2 + i for i = 1, 2, . . . , n2 ) or conversely, and p 6= q;
(e) mpq = 0 for p = q.

This implies

D(ΩD2n
) =

a a2 . . . an−1 b ab . . . a
n
2
−1b a

n
2 b a

n
2

+1b . . . an−1b



a 0 2 . . . 2 1 1 . . . 1 1 1 . . . 1

a2 2 0 . . . 2 1 1 . . . 1 1 1 . . . 1
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...

an−1 2 2 . . . 0 1 1 . . . 1 1 1 . . . 1
b 1 1 . . . 1 0 1 . . . 1 2 1 . . . 1

ab 1 1 . . . 1 1 0 . . . 1 1 2 . . . 1
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...

a
n
2
−1b 1 1 . . . 1 1 1 . . . 0 1 1 . . . 2

a
n
2 b 1 1 . . . 1 2 1 . . . 1 0 1 . . . 1

a
n
2

+1b 1 1 . . . 1 1 2 . . . 1 1 0 . . . 1
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...

an−1b 1 1 . . . 1 1 1 . . . 2 1 1 . . . 0

.

It is a nine-block matrix as given below:

D(ΩD2n
) =

 2(J − I)n−2 J(n−2)×n
2

J(n−2)×n
2

Jn
2×(n−2) (J − I)n

2
(J − I)n

2
+ 2In

2

Jn
2×(n−2) (J − I)n

2
+ 2In

2
(J − I)n

2

 .
The matrix D(ΩD2n) is similar form with Theorem 2.4 where a = b = 0,
c = −1, d = −2, then

PD(ΩD2n
)(µ) = µ

n
2−1 (µ+ 2)

n−3+ n
2
(
µ2 − 3 (n− 2)µ+ n(n− 4)

)
.

Based on Theorem PD(ΩD2n
)(µ) above, the eigenvalues of D(ΩD2n) are µ1 =

−2 of multiplicity n − 3 + n
2 , µ2 = 0 of multiplicity n

2 − 1 and µ3,4 =
3n−2

2 ±
√

5n2−36n+40
2 . Consequently, we can write

SpecD(ΩD2n) =


(

3n− 2

2
+

√
5n2 − 36n+ 40

2

)1

,

(
3n− 2

2
−
√

5n2 − 36n+ 40

2

)1

,

0
n
2−1, (−2)n−3+ n

2

}
,

and this proof is now complete.
�

After the spectrum of D(ΓG) was constructed, the spectral radius and energy
can be proved as follows:
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Theorem 3.2. In ΩD2n
, the distance spectral radius of ΩD2n

is

ρD(ΩD2n
) =

{
3n−5

2 −
√

5n2−10n+9
2 , if n is odd

3n−2
2 +

√
5n2−36n+40

2 , if n is even
.

Proof. In view of Theorem 3.1 together with Definition 7, we obtain the spectral
radius of D(ΩD2n

) as the maximum of µi, for i = 1, 2, 3, 4 and this concludes the
argument. �

Theorem 3.3. In ΩD2n , the distance energy of ΩD2n is

(1) for n is odd: εD(ΩD2n) =

{
4 + 2

√
6, if n = 3

2(3n− 5), if n > 3
(2) for n is even: εD(ΩD2n

) = 6(n− 2).

Proof. (1) Based on Definition 6 and Theorem 3.1 (1) for odd n and n = 3, we

have two different eigenvalues. Then εD(ΩD2n
) = 4 + 2

√
6. For the n > 3

case, the distance energy of ΩD2n
is computed as given below:

εD(ΩD2n
) =(n− 2) |−2|+ (n− 1) |−1|+

∣∣∣∣∣3n− 5

2
±
√

5n2 − 10n+ 9

2

∣∣∣∣∣ = 2(3n− 5).

(2) Suppose that n is even and according to Definition 6 and Theorem 3.1 (2),
we get the distance energy of ΩD2n

:

εD(ΩD2n) =
(n

2
− 1
)
|0|+

(
n− 3 +

n

2

)
|−2|+

∣∣∣∣∣3n− 2

2
±
√

5n2 − 36n+ 40

2

∣∣∣∣∣
=6(n− 2).

�

3.2. Harary Matrix. This section is devoted to study the Harary matrix of ΩD2n

in order to find the spectrum and energy of ΩD2n
.

Theorem 3.4. In ΩD2n , the spectrum of H(ΩD2n) is

(1) for n is odd:

SpecH(ΩD2n
) =

{(
1

4

(
3n− 4 +

√
n(17n− 16)

))1

,

(
1

4

(
3n− 4−

√
n(17n− 16)

))1

,

(−1)n−1,

(
−1

2

)n−2
}
.

(2) for n is even:

SpecH(ΩD2n
) =

{(
1

4

(
3(n− 2) +

√
n(17n− 32)

))1

,

(
−3

2

)n
2−1

,

(
−1

2

)n−3+ n
2

(
1

4

(
3(n− 2)−

√
n(17n− 32)

))1
}
,

Proof. (1) Similarly with the proof of Theorem 3.1 for odd n and by Theorem
2.1 and Definition 3, then the entries of H(ΩD2n) = [hpq] of size (2n− 1)×
(2n− 1) are
(a) hpq = 1

2 for p, q = 1, 2, . . . , n− 1 and p 6= q;
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(b) hpq = 1 for p = 1, 2, . . . , n−1 and q = n, n+1, . . . , 2n−1 or conversely;
(c) hpq = 1 for p, q = n, n+ 1, . . . , 2n− 1 and p 6= q;
(d) hpq = 0 for p = q.

Therefore,

H(ΩD2n
) =

a a2 . . . an−1 b ab . . . an−1b



a 0 1
2 . . . 1

2 1 1 . . . 1
a2 1

2 0 . . . 1
2 1 1 . . . 1

...
...

...
. . .

...
...

...
. . .

...
an−1 1

2
1
2 . . . 0 1 1 . . . 1

b 1 1 . . . 1 0 1 . . . 1
ab 1 1 . . . 1 1 0 . . . 1
...

...
...

. . .
...

...
...

. . .
...

an−1b 1 1 . . . 1 1 1 . . . 0

.

It is the form of block matrices as follows

H(ΩD2n
) =

(
1
2 (J − I)n−1 J(n−1)×n
J(n−1)×n (J − I)n

)
.

The above determinant is similar to the form of Theorem 2.3. By choosing
a = 0, b = −1, c = 0, d = − 1

2 and n1 = n− 1, n2 = n, then we derive the
characteristic polynomial of H(ΩD2n) as given below:

PH(ΩD2n
)(µ) =

(
µ+

1

2

)n−2

(µ+ 1)n−1

(
µ2 − 1

2
(3n− 4)µ− 1

2
(n− 1)(n+ 2)

)
.

(3.2)

According to PH(ΩD2n
)(µ), we obtain four eigenvalues which are µ1 = − 1

2

of multiplicity (n − 2), µ2 = −1 having multiplicity (n − 1), and µ3,4 =
1
4 (3n− 4±

√
n(17n− 16). Thus, the spectrum of H(ΩD2n

) is

SpecH(ΩD2n
) =

{(
1

4

(
3n− 4 +

√
n(17n− 16)

))1

,

(
1

4

(
3n− 4−

√
n(17n− 16)

))1

,

(−1)n−1,

(
−1

2

)n−2
}
.

(2) For the even n case. By the same argument of Theorem 3.4, the entries of
H(ΩD2n

) = [hpq] of size (2n− 2)× (2n− 2) are
(a) hpq = 1

2 for p, q = 1, 2, . . . , n− 2 and p 6= q;
(b) hpq = 1 for p = 1, 2, . . . , n − 2 and q = n − 1, n, n + 1, . . . , 2n − 2 or

conversely;
(c) hpq = 1

2 for p = n − 2 + i and q = n − 2 + n
2 + i or conversely for

i = 1, 2, . . . , n2 ;
(d) hpq = 1 for p, q = n − 1, n, n + 1, . . . , 2n − 2 excluding (p = n − 2 + i

and q = n− 2 + n
2 + i for i = 1, 2, . . . , n2 ) or vice versa, and p 6= q;

(e) hpq = 0 for p = q.
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This implies

H(ΩD2n
) =

a a2 . . . an−1 b ab . . . a
n
2
−1b a

n
2 b a

n
2

+1b . . . an−1b



a 0 1
2

. . . 1
2

1 1 . . . 1 1 1 . . . 1

a2 1
2

0 . . . 1
2

1 1 . . . 1 1 1 . . . 1

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

an−1 1
2

1
2

. . . 0 1 1 . . . 1 1 1 . . . 1

b 1 1 . . . 1 0 1 . . . 1 1
2

1 . . . 1

ab 1 1 . . . 1 1 0 . . . 1 1 1
2

. . . 1

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

a
n
2
−1b 1 1 . . . 1 1 1 . . . 0 1 1 . . . 1

2

a
n
2 b 1 1 . . . 1 1

2
1 . . . 1 0 1 . . . 1

a
n
2

+1b 1 1 . . . 1 1 1
2

. . . 1 1 0 . . . 1

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

an−1b 1 1 . . . 1 1 1 . . . 1
2

1 1 . . . 0

.

It is a nine-block matrix as given below:

H(ΩD2n
) =

 1
2 (J − I)n−2 J(n−2)×n

2
J(n−2)×n

2

Jn
2×(n−2) (J − I)n

2

1
2 (J − I)n

2
+ 1

2In
2

Jn
2×(n−2)

1
2 (J − I)n

2
+ 1

2In
2

(J − I)n
2

 .
The matrix H(ΩD2n) is similar form with Theorem 2.4 where a = b = 0,
c = −1, d = − 1

2 , then

PH(ΩD2n
)(µ) =

(
µ+

3

2

)n
2−1(

µ+
1

2

)n−3+ n
2
(
µ2 − 3

2
(n− 2)µ− 1

4
(2n2 + n− 9)

)
.

Based on Theorem PH(ΩD2n
)(µ) above, the eigenvalues of H(ΩD2n

) are

µ1 = − 1
2 of multiplicity n− 3 + n

2 , µ2 = − 3
2 of multiplicity n

2 − 1 and

µ3,4 = 1
4

(
3(n− 2)±

√
n(17n− 32)

)
. Consequently, we can write

SpecH(ΩD2n) =

{(
1

4

(
3(n− 2) +

√
n(17n− 32)

))1

,

(
−3

2

)n
2−1

,

(
−1

2

)n−3+ n
2

(
1

4

(
3(n− 2)−

√
n(17n− 32)

))1
}
,

and this proof is now complete.
�

We describe the spectral radius of ΩD2n based on the characteristic polynomial
in Theorem 3.4.

Theorem 3.5. In ΩD2n
, the Harary spectral radius of ΩD2n

is

ρH(ΩD2n
) =


1
4

(
3n− 4 +

√
n(17n− 16)

)
, if n is odd

1
4

(
3(n− 2) +

√
n(17n− 32)

)
, if n is even

.

Proof. Based on Theorem 3.4 and Definition 7, we obtain the spectral radius of
H(ΩD2n) as the maximum of µi, for i = 1, 2, 3, 4 and we complete the proof. �

We obtain the energy of ΩD2n
based on the Harary matrix of ΩD2n

.
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Theorem 3.6. The Harary energy of ΩD2n
is

(1) for n is odd: εH(ΩD2n
) = 3

2 (3n− 4)

(2) for n is even: εH(ΩD2n) = 3
2 (3n− 6).

Proof. (1) Based on Definition 6 and Theorem 3.4 (1) for odd n and n = 3, we

have two different eigenvalues. Then εH(ΩD2n
) = 2

√
6. For the n > 3 case,

the Harary energy of ΩD2n
is computed as given below:

εH(ΩD2n
) =(n− 2)

∣∣∣∣−1

2

∣∣∣∣+ (n− 1) |−1|+
∣∣∣∣14 (3n− 4±

√
n(17n− 16)

)∣∣∣∣
=

3

2
(3n− 4).

(2) Suppose that n is even and according to Definition 6 and Theorem 3.1 (2),
we get the distance energy of ΩD2n

:

εH(ΩD2n) =
(n

2
− 1
) ∣∣∣∣−3

2

∣∣∣∣+
(
n− 3 +

n

2

) ∣∣∣∣−1

2

∣∣∣∣+

∣∣∣∣14 (3(n− 2)−
√
n(17n− 32)

)∣∣∣∣
=

3

2
(3n− 6).

�

3.3. Distance Laplacian Energy. This subsection presents the distance Lapla-
cian matrix of ΩD2n .

Theorem 3.7. In ΩD2n
, the spectrum of distance Laplacian matrix of ΩD2n

is

(1) for n is odd: SpecDL(ΩD2n
) =

{
(3n− 2)n−2, (2n− 1)

n
, (0)

1
}
.

(2) for n is even: SpecDL(ΩD2n) =
{

(3n− 4)
n−3

, (2(n− 1))
n
2 , (2n)

n
2 , (0)1

}
.

Proof. (1) Suppose n is odd. Referring to Definition 4, Theorem 2.2 and The-
orem 2.1 (1), we can set the distance Laplacian matrix of ΩD2n

of size
(2n − 1) × (2n − 1) by excluding the central element D2n. The entries of
DL(ΩD2n

) = [bpq] can be listed as follows.
(a) for distinct indices p, q ∈ {1, 2, . . . , n − 1}, the matrix entries satisfy

bpq = 0− 2 = −2;
(b) for p ∈ {1, 2, . . . , n − 1} and q ∈ {n, n + 1, . . . , 2n − 1}, or with the

indices interchanged, we have bpq = 0− 1 = −1;
(c) for distinct indices p, q ∈ {n, n+1, . . . , 2n−1, the corresponding entries

are bpq = 0− 1 = −1;
(d) the entries bpq = (3n− 4)− 0 = 3n− 4 whenever p = q and 1 ≤ p, q ≤

n− 1;
(e) for diagonal indices p = q ∈ {n, n+ 1, . . . , 2n− 1}, the corresponding

entries are bpq = 2(n− 1)− 0 = 2(n− 1).
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Then DL(ΩD2n
) is as follows:

DL(ΩD2n) =

a a2 . . . an−1 b ab . . . an−1b



a 3n− 4 −2 . . . −2 −1 −1 . . . −1
a2 −2 3n− 4 . . . −2 −1 −1 . . . −1
...

...
...

. . .
...

...
...

. . .
...

an−1 −2 −2 . . . 3n− 4 −1 −1 . . . −1
b −1 −1 . . . −1 2(n− 1) −1 . . . −1
ab −1 −1 . . . −1 −1 2(n− 1) . . . −1
...

...
...

. . .
...

...
...

. . .
...

an−1b −1 −1 . . . −1 −1 −1 . . . 2(n− 1)

.

The matrix above can be written in block matrix form as follows.

DL(ΩD2n
) =

(
−2Jn−1 + (3n− 2)In−1 −J(n−1)×n

−J(n−1)×n −Jn + (2n− 1)In

)
.

By Theorem 2.3, with a = 3n − 4, b = 1, c = 2(n − 1), d = 2, n1 = n − 1
and n2 = n, we obtain

PDL(ΩD2n
)(µ) = µ(µ− (3n− 2))n−2(µ− (2n− 1))n.

The eigenvalues of ΩD2n
are µ1 = 3n − 2 having multiplicity n − 2, µ2 =

2n − 1 having multiplicity n, and µ3 = 0 of multiplicity 1. Hence, the
spectrum of DL(ΩD2n

) is

SpecDL(ΩD2n) =
{

(3n− 2)n−2, (2n− 1)
n
, (0)

1
}
.

(2) For the even n case, based on Definition 4, Theorem 2.2 and Theorem 2.1
(1), DL(ΩD2n

) = [bij ] is (2n−2)×(2n−2) by excluding the central element
D2n. The entries of DL(ΩD2n

) are
(a) when p, q = 1, 2, . . . , n− 2 and p 6= q, bpq = 0− 2 = −2;
(b) The entries bpq = 0−1 = −1 whenever one index lies in {1, 2, . . . , n−2}

and the other in {n− 1, n, n+ 1, . . . , 2n− 2};
(c) The matrix entries bpq = 0 − 2 = −2 whenever p = n − 2 + p and

q = n− 2 + n
2 + r for some r = 1, 2, . . . , n2 , in either order;

(d) for distinct p, q ∈ {n− 1, n, n+ 1, . . . , 2n− 2}, the entries satisfy bpq =
0− 1 = −1 except when p = n− 2 + r and q = n− 2 + n

2 + r for some
r = 1, 2, . . . , n2 , or with the indices interchanged;

(e) for diagonal positions with p = q ∈ {1, 2, . . . , n−2}, the corresponding
entries are bpq = 3(n− 2)− 0 = 3(n− 2);

(f) for diagonal entries indexed by p = q ∈ {n − 1, n, . . . , 2n − 2}, the
corresponding values are bpq = 2(n− 1)− 0 = 2(n− 1).
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This implies that DL(ΩD2n
) is

a a2 . . . an−1 b ab . . . a
n
2

−1
b a

n
2 b a

n
2

+1
b . . . an−1b



a 3(n − 2) −2 . . . −2 −1 −1 . . . −1 −1 −1 . . . −1

a2 −2 3(n − 2) . . . −2 −1 −1 . . . −1 −1 −1 . . . −1

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

an−1 −2 −2 . . . 3(n − 2) −1 −1 . . . −1 −1 −1 . . . −1
b −1 −1 . . . −1 2(n − 1) −1 . . . −1 −2 −1 . . . −1
ab −1 −1 . . . −1 −1 2(n − 1) . . . −1 −1 −2 . . . −1

.

.

.

.

.

.
.
. .

.

.

.

.

.

.

.

.

.
.
. .

.

.

.

.

.

.

.

.

.
.
. .

.

.

.

a
n
2

−1
b −1 −1 . . . −1 −1 −1 . . . 2(n − 1) −1 −1 . . . −2

a
n
2 b −1 −1 . . . −1 −2 −1 . . . −1 2(n − 1) −1 . . . −1

a
n
2

+1
b −1 −1 . . . −1 −1 −2 . . . −1 −1 2(n − 1) . . . −1

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

an−1b −1 −1 . . . −1 −1 −1 . . . −2 −1 −1 . . . 2(n − 1)

.

It is a nine-block matrix as given below:

DL(ΩD2n
) =

 (3n− 4)In−2 − 2Jn−2 −J(n−2)×n
2

−J(n−2)×n
2

−Jn
2×(n−2) (2n− 1)In

2
− Jn

2
−(J + I)n

2

−Jn
2×(n−2) −(J + I)n

2
(2n− 1)In

2
− Jn

2

 .
Applying Theorem 2.4 with the choice a = 3(n − 2), b = 2(n − 1), c = 1,
d = 2, then we derive

PDL(ΩD2n
)(µ) = µ (µ− 3n+ 4)

n−3
(µ− 2(n− 1))

n
2 (µ− 2n)

n
2 .

The eigenvalues of ΩD2n are precisely the zeros of PDL(ΩD2n
)(λ). They are

µ1 = 0 of multiplicity 1, µ2 = 3n−4 having multiplicity n−3, µ3 = 2(n−1)
of multiplicity n

2 , and µ4 = 2n of multiplicity n
2 . Therefore,

SpecDL(ΩD2n
) =

{
(3n− 4)

n−3
, (2(n− 1))

n
2 , (2n)

n
2 , (0)1

}
.

�

We present the spectral radius of ΩD2n
according to the DL-matrix.

Theorem 3.8. In ΩD2n , the DL-spectral radius of ΩD2n is

ρDL(ΩD2n) =

{
3n− 2, if n is odd
3n− 4, if n is even

.

Proof. By the spectrum in Theorem 3.7, the DL-spectral radius of ΩD2n
is the

maximum absolute of its eigenvalues. The proof is obvious. �

The distance Laplacian energy can be proved based on the spectrum ofDL(ΩD2n
)

as follows.

Theorem 3.9. In ΩD2n
, the distance Laplacian energy of ΩD2n

is

εDL(ΩD2n
) =

{
(5n− 4)(n− 1), if n is odd
5n2 − 14n+ 12, if n is even

.

Proof. (1) Suppose n is odd. Referring to the spectrum in Theorem 3.7, the
DL-energy of ΩD2n

is

εDL(ΩD2n) =(n− 2)|3n− 2|+ (n)|2n− 1|+ (1) |0|
=(5n− 4)(n− 1)
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(2) For the even n case, we derive the DL-energy of ΩD2n
as given below:

εDL(ΩD2n
) = (1) |0|+ (n− 3) |3n− 4|+

(n
2

)
|2(n− 1)|+

(n
2

)
|2n|

=5n2 − 14n+ 12.

�

3.4. Distance Signless Laplacian Energy. This section focuses on the distance
signless Laplacian matrix of ΩD2n . The next result is the characteristic formula of
DSL(ΩD2n) and its spectrum.

Theorem 3.10. In ΩD2n , the spectrum of DSL(ΩD2n) is

(1) for odd n,

SpecDSL(ΩD2n) =

{(
1

2
(8n− 11 +

√
8n2 − 24n+ 25)

)1

, (3n− 6)n−2, (2n− 3)
n−1

,

(
1

2
(8n− 11−

√
8n2 − 24n+ 25)

)1
}
,

(2) for even n,

SpecDSL(ΩD2n) =

{(
4n− 7 +

√
2n2 − 12n+ 25

)1

,
(

4n− 7−
√

2n2 − 12n+ 25
)1

,

(3n− 8)n−3, (2(n− 1))
n
2−1

, (2n− 4)
n
2

}
.

Proof. (1) Suppose n is odd. Referring to Definition 5, Theorem 2.2 and The-
orem 2.1 (1), we can set the distance signless Laplacian matrix of ΩD2n

of
size (2n− 1)× (2n− 1) by excluding the central element D2n. The entries
of DSL(ΩD2n) = [cpq] can be listed as follows.
(a) the value cpq = 0 + 2 = 2 whenever p 6= q and p, q ∈ {1, 2, . . . , n− 1};
(b) for p ∈ {1, 2, . . . , n − 1} and q ∈ {n, n + 1, . . . , 2n − 1}, or coversely,

then cpq = 0 + 1 = 1;
(c) if n ≤ p, q ≤ 2n− 1 with p 6= q, then cpq = 0 + 1 = 1;
(d) for diagonal indices p = q ∈ {1, 2, . . . , n−1}, the corresponding entries

are cpq = (3n− 4) + 0 = 3n− 4;
(e) for diagonal indices p = q ∈ {n, n + 1, . . . , 2n − 1}, then cpq = 2(n −

1) + 0 = 2(n− 1).
Then DSL(ΩD2n

) is as follows:

DSL(ΩD2n
) =

a a2 . . . an−1 b ab . . . an−1b



a 3n− 4 2 . . . 2 1 1 . . . 1
a2 2 3n− 4 . . . 2 1 1 . . . 1
...

...
...

. . .
...

...
...

. . .
...

an−1 2 2 . . . 3n− 4 1 1 . . . 1
b 1 1 . . . 1 2(n− 1) 1 . . . 1

ab 1 1 . . . 1 1 2(n− 1) . . . 1
...

...
...

. . .
...

...
...

. . .
...

an−1b 1 1 . . . 1 1 1 . . . 2(n− 1)

.
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The preceding matrix admits the following block decomposition.

DSL(ΩD2n
) =

(
2Jn−1 + (3n− 6)In−1 J(n−1)×n

J(n−1)×n Jn + (2n− 3)In

)
.

By Theorem 2.3, with a = 3n−4, b = −1, c = 2(n−1), d = −2, n1 = n−1
and n2 = n, we obtain

PDSL(ΩD2n
)(µ) = (µ−(3n+6))n−2(µ−(2n−3))n−1 (µ2 − (8n− 11)µ+ 2(n− 1)(7n− 12)

)
.

The eigenvalues of ΩD2n
are µ1 = 3n− 6 of multiplicity n− 2, µ2 = 2n− 3

of multiplicity n − 1, and µ3,4 = 1
2 (8n − 11 ±

√
8n2 − 24n+ 25) each of

multiplicity 1. Hence, the spectrum of SDL(ΩD2n
) is

SpecDSL(ΩD2n) =

{(
1

2
(8n− 11 +

√
8n2 − 24n+ 25)

)1

, (3n− 6)n−2, (2n− 3)
n−1

,

(
1

2
(8n− 11−

√
8n2 − 24n+ 25)

)1
}
.

(2) For the even n case, according to Definition 5, Theorem 2.2 and Theorem
2.1 (1), DSL(ΩD2n

) = [cpq] is (2n− 2)× (2n− 2) by excluding the central
element D2n. The entries of DSL(ΩD2n) are
(a) the matrix elements cpq = 0 + 2 = 2 whenever p 6= q and p, q ∈
{1, 2, . . . , n− 2};

(b) the values cpq = 0+1 = 1 whenever one index belongs to {1, 2, . . . , n−
2} and the other to {n− 1, n, n+ 1, . . . , 2n− 2};

(c) the matrix elements cpq = 0 + 2 = 2 whenever p = n − 2 + r and
q = n− 2 + n

2 + r for some r = 1, 2, . . . , n2 , in either order;
(d) the value cpq = 0 + 1 = 1 for all unequal indices p, q ∈ {n − 1, n, n +

1, . . . , 2n−2}, apart from the index pairs (p = n−2+r, q = n−2+n
2 +r)

with r = 1, 2, . . . , n2 , and their reversals;
(e) for diagonal indices p = q ∈ {1, 2, . . . , n−2}, then cpq = 3(n−2)+0 =

3(n− 2);
(f) for diagonal indices p = q ∈ {n − 1, , . . . , 2n − 2}, the corresponding

entries are cpq = 2(n− 1) + 0 = 2(n− 1).
This implies that DL(ΩD2n

) is

a a2 . . . an−1 b ab . . . a
n
2

−1
b a

n
2 b a

n
2

+1
b . . . an−1b



a 3(n − 2) 2 . . . 2 1 1 . . . 1 1 1 . . . 1

a2 2 3(n − 2) . . . 2 1 1 . . . 1 1 1 . . . 1

.

.

.

.

.

.
.
. .

.

.

.

.

.

.

.

.

.
.
. .

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

an−1 2 2 . . . 3(n − 2) 1 1 . . . 1 1 1 . . . 1
b 1 1 . . . 1 2(n − 1) 1 . . . 1 2 1 . . . 1
ab 1 1 . . . 1 1 2(n − 1) . . . 1 1 2 . . . 1

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

a
n
2

−1
b 1 1 . . . 1 1 1 . . . 2(n − 1) 1 1 . . . 2

a
n
2 b 1 1 . . . 1 2 1 . . . 1 2(n − 1) 1 . . . 1

a
n
2

+1
b 1 1 . . . 1 1 2 . . . 1 1 2(n − 1) . . . 1

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

an−1b 1 1 . . . 1 1 1 . . . 2 1 1 . . . 2(n − 1)

.
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It is a nine-block matrix as given below:

DSL(ΩD2n
) =

 (3n− 8)In−2 + 2Jn−2 J(n−2)×n
2

J(n−2)×n
2

Jn
2×(n−2) (2n− 3)In

2
+ Jn

2
(J + I)n

2

Jn
2×(n−2) (J + I)n

2
(2n− 3)In

2
+ Jn

2

 .
By Theorem 2.4 taking a = 3(n − 2), b = 2(n − 1), c = −1, d = −2, then
we derive

PDSL(ΩD2n
)(µ) = (µ− 3n+ 8)

n−3
(µ− 2(n− 1))

n
2−1

(µ− 2n+ 4)
n
2

(µ2 − (8n− 14)µ+ 14n2 − 44n+ 24).

The eigenvalues of ΩD2n
are precisely the zeros of PDSL(ΩD2n

)(λ). They are

µ1 = 3n−8 of multiplicity n−3, µ2 = 2(n−1) having multiplicity n
2−1, and

µ3 = 2n − 4 having multiplicity n
2 , and µ4,5 = 4n − 7 ±

√
2n2 − 12n+ 25.

Thus, the spectrum of DSL(ΩD2n
) is

SpecDSL(ΩD2n) =

{(
4n− 7 +

√
2n2 − 12n+ 25

)1

,
(

4n− 7−
√

2n2 − 12n+ 25
)1

,

(3n− 8)n−3, (2(n− 1))
n
2−1

, (2n− 4)
n
2

}
.

�

We obtain the spectral radius of ΩD2n
according to the result of the previous

theorem.

Theorem 3.11. In ΩD2n
, the DSL-spectral radius of ΩD2n

is

ρDSL(ΩD2n
) =

{
1
2 (8n− 11 +

√
8n2 − 24n+ 25), if n is odd

4n− 7 +
√

2n2 − 12n+ 25, if n is even
.

Proof. By Theorem 3.10, we have the DSL-spectral radius of ΩD2n by taking the
maximum absolute of eigenvalues. �

We now deliver the energy of ΩD2n associated with the DSL-matrix.

Theorem 3.12. In ΩD2n , the DSL-energy of ΩD2n is

εDSL(ΩD2n
) =

{
5n2 − 7n+ 15, if n is odd
5n2 − 14n+ 12, if n is even

.

Proof. (1) Suppose n is odd. Based on Theorem 3.10, the distance signless
Laplacian energy of ΩD2n is

εDSL(ΩD2n
) =(n− 2)|3n− 6|+ (n− 1)|2n− 3|+

∣∣∣∣12(8n− 11±
√

8n2 − 24n+ 25)

∣∣∣∣
=5n2 − 7n+ 15

(2) For the even n case, by Theorem 3.10, then

εDSL(ΩD2n) = (n− 3) |3n− 8|+
(n

2
− 1
)
|2(n− 1)|+

(n
2

)
|2n− 4|+∣∣∣4n− 7±

√
2n2 − 12n+ 25

∣∣∣
=5n2 − 14n+ 12.

�
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4. Further Discussion

Further discussion from Theorem 3.3, 3.6, 3.9, and 3.12, we observe the classifi-
cation of the energy of ΩD2n

.

Corollary 4.1. ΩD2n is hyperenergetic associated with the distance, Harary, dis-
tance Laplacian, and distance signless Laplacian matrices.

In addition, the results yield the following fact which complies with the result
from [5] and [19].

Corollary 4.2. The energy is always an even integer in ΩD2n
for the distance

matrix except for n = 3.

Corollary 4.3. The energy is always an even integer in ΩD2n for the distance
Laplacian matrix.

Corollary 4.4. The energy is never an odd integer in ΩD2n
with respect to Harary

and distance signless Laplacian matrices.

The relationships between the obtained energies are presented in the following
two facts.

Corollary 4.5. In ΩD2n
, we have εD(ΩD2n

) < εH(ΩD2n
) < εDL(ΩD2n

) ≤ εDSL(ΩD2n
).

Corollary 4.6. In ΩD2n , we have εDL(ΩD2n) = εDSL(ΩD2n) for even n.

5. Conclusion

The energies of the non-commuting graph arising from the dihedral groups have
been presented. The formula for distance-based energies has been formulated. In
addition, this paper also shows the relationship between those energies and classifies
the energies based on their value. For further research, extending the study to
different groups is recommended.

Acknowledgments. We gratefully acknowledge the anonymous referee for the
thorough evaluation and valuable suggestions, which have significantly strengthened
this paper.
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